Based on the mean and the standard deviation of lead time demand, and also taking the difficulty in measuring shortage cost into consideration, we investigate the joint decision problem of continuous review inventory in which a service level constraint should be satisfied. Under the assumption of controllable lead time and setup cost, a mathematical programming model is established. The objective function of the proposed model is the total expected annual cost and the constraint guarantees that the service level requirement can be satisfied at the worst case. Subsequently, an equivalent nonlinear programming model is derived. By constructing Lagrange function, the analysis regarding the solution procedure is conducted, and a solution algorithm is then provided. Moreover, a numerical example is introduced to illustrate the proposed model and solution algorithm. Through sensitivity analysis, some observations and managerial implications are provided.
Introduction
In inventory management, the length of lead time has direct influence on customer service level and total inventory cost. With the increasing competition in today's business environment, plenty of enterprises have devoted their efforts to pursuing a short lead time to enhance market competition ability. It is no doubt that the achievement of a shortened lead time requires a number of capital investments. Thus, some researchers have paid their attentions to balancing benefits and costs resulting from the reduction of lead time, and developed some theoretical models for possible decision aid. For example, Liao and Shyu 1 regarded the lead time as a decision variable. By assuming that the lead time composes of several components and the crashing cost is a linear function in the length of lead time concerning each component, a mathematical programming model with controllable lead time 2 Mathematical Problems in Engineering was constructed. Later, with the lead time crashing cost function proposed by Liao and Shyu 1 , a lot of work has been done to develope some optimization models and algorithms in various decision environments for continuous inventory problems with variable lead time, such as Hariga and Ben-Daya 2 , Ouyang and Chang 3 , Wu and Ouyang 4 , Yang et al. 5 , Lee 6 , Hoque and Goyal 7 , and Annadurai and Uthayakumar 8 . However, the piecewise linear expression of lead time crashing cost has some deficiencies in application. Thus, BenDaya and Raouf 9 adopted negative exponential function to describe the lead time crashing cost and proposed a corresponding continuous review inventory model. Subsequently, Wu et al. 10 employed the negative exponential lead time crashing cost to develop a continuous review inventory model in which the lead time demand with the mixture of distributions was taken into account. Besides, Yang 11 proposed a supply chain integrated inventory model in the present of time value. In the proposed model, the lead time crashing cost was also assumed to be nonlinear in the length of lead time.
Likewise, in many real inventory problems, the setup cost could be reduced through increasing labor, improving facilities or adopting other relevant measures. In view of this point, Ouyang et al. 12 considered the partial backorder and proposed a modified continuous review inventory model with controllable lead time and setup cost. Taking the imperfect production process into account, Ouyang and Chang 13 constructed an inventory optimization model with controllable lead time and setup cost. In their research, both logarithmic and power investment functions were considered. With the assumption of controllable lead time and setup cost, Ouyang et al. 14 considered quality improvement in imperfect production process and investigated the associated inventory decision problem. Chuang et al. 15 assumed that the lead time demand is distribution-free in protection level and presented an inventory optimization model with variable lead time and setup cost. Taking the inconsistency between the receiving quantity and the ordering quantity into account, Wu and Lin 16 proposed an extended continuous review inventory model in which both lead time and ordering cost were variable. Subsequently, in supply chain setting, Chang et al. 17 proposed two integrated inventory models with the reductions of lead time and ordering cost. Considering the backorder discount, Lee et al. 18 developed a joint inventory decision model with variable lead time and ordering cost. In the research conducted by Uthayakumar and Parvathi 19 , not only lead time and setup cost, but also yield variability was assumed to be variable. Besides, the backorder rate was assumed to be controllable through the amount of expected shortage. In their models, all the capital investments were assumed to be subject to logarithmic function. Annadurai and Uthayakumar 20 took the imperfect quality into account and developed a continuous review inventory model involving variable lead time and setup cost.
It is inevitable that shortage takes place with the assumption of stochastic lead time demand in continuous review inventory. However, in some practical situations, the shortage cost is difficult to estimate and therefore a service level constraint is announced by manager instead. Thus, based on different service level metrics, Aardal et al. 21 studied the optimal replenishment problem of continuous review inventory system. Moreover, some convex programming formulations were developed, and the associated solution algorithms were also given. With the normally distributed lead time demand, Ouyang and Wu 22 established a continuous review inventory model involving controllable lead time. In their research, a service level constraint was taken into account. Then, the assumption of normal distribution on lead time demand was relaxed and a distribution-free computational procedure was developed. By using the mixture of distributions to describe lead time demand, Lee et al. 23 proposed a continuous review inventory model with variable 3 backorder rate and service level constraint. Jha and Shanker 24 proposed a model to solve ordering quantity, length of lead time and number of shipments in supply chain environment. In the concerned problem, controllable lead time and service level constraint were taken into consideration. Tajbakhsh 25 studied a distribution-free inventory model with a fill rate constraint. By solving the proposed model, the closed-form expressions of ordering quantity and reorder point were derived. Hsu and Huang 26 developed a distributionfree continuous review inventory model with multi-retailer. Moreover, both controllable lead time and service level constraint were considered. In Annadurai and Uthayakumar 27 , and Jaggi and Arneja 28 , with a service level constraint, the continuous review inventory models involving controllable lead time and setup cost were investigated. The former focused on the demand with the mixture of distributions, while the latter focused on the demand with normal distribution. More recently, Lin 29 presented a continuous review inventory model with a service level constraint. In the proposed model, setup cost, backorder rate, and lead time were assumed to be controllable. One of the same features in the models proposed by Annadurai and Uthayakumar 27 , Jaggi and Arneja 28 , and Lin 29 is that the piecewise linear lead time crashing cost was adopted. Besides, they derived safety coefficient from the allowable stock-out probability during lead time and thus the safety coefficient is not a decision variable. In fact, safety coefficient could be optimized, such as in Hariga and Ben- In this paper, we develop a continuous review inventory model with controllable lead time and setup cost. The lead-time-dependent cost is assumed to be a power function in the length of lead time, and the capital investment in setup cost reduction is assumed to follow a logarithmic expression. Moreover, the safety coefficient is treated as a decision variable. This disposition definitely leads to a more complex procedure of analyzing and deriving the optimal solution. In consideration of the difficulty in providing a precise estimation on the probability density function p.d.f. due to the insufficiency of historical data, we propose a distribution-free model according to the mean and the standard deviation of lead time demand. By constructing Lagrange function, we develop a solution procedure to determine ordering quantity, reorder point, length of lead time, and setup cost. Furthermore, we resolve a numerical example by using the proposed solution procedure and analyze the effects of the lower bound of service level.
The rest of this paper is organized as follows. In Section 2, we list the basic notations and assumptions used throughout this paper. In Section 3, the expression of total expected annual cost is firstly provided, and then a mathematical model of the concerned problem is proposed. In Section 4, an equivalent nonlinear programming formulation is derived. Moreover, a Lagrange function is constructed to obtain the optimal solution of the proposed model, and a solution algorithm is given. In Section 5, we resolve a numerical example by using the proposed solution algorithm. Through sensitivity analysis, some observations and managerial implications are presented. Finally, in Section 6, we summarize the whole paper and point out the next research work.
Notations and Assumptions
Before further development, we list the following notations which will be used throughout the paper. β: lower bound of service level.
R L : lead-time-dependent cost.
I A : capital investment in setup cost reduction.
γ: fractional opportunity cost per unit capital per year.
h: holding cost per unit item per year.
EAC: total expected annual cost.
Moreover, the present problem is based on the following assumptions.
1 Inventory is continuously monitored. Whenever the inventory level drops to a target value, an order is placed.
2 The probability density function with regard to lead time demand is unknown.
3 The service level is scaled by the fill rate which is defined as the fraction of demand satisfied from stock. Mathematically,
in which E · is the mathematical expectation and x max x, 0 .
4 The reorder point is determined by r dL kσ √ L, in which kσ √ L denotes safety inventory.
5 The lead-time-dependent cost follows a power function. Mathematically,
in which a > 0 and b > 0 are constants.
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6 The capital investment in setup cost reduction follows a logarithmic function. Mathematically,
in which δ > 0 is a constant.
7 As in Tajbakhsh 25 , we assume that the lower bound of service level satisfies 1/2 < β < 1. This value range is quite reasonable in application.
The Mathematical Model
Herein, we intend to provide a feasible solution scheme for the joint decision problem in continuous review inventory with a service level constraint. For the present problem, it is assumed that both lead time and setup cost can be reduced through capital expenditures. Hence, the decision variables contain not only ordering quantity and safety coefficient, but also length of lead time and setup cost. Based on the previous description, the length of cycle is q/d, and the setup cost per cycle is A. In continuous review inventory system, an order with size q is placed when the inventory level drops to the reorder point r, and the order is received at the end of lead time. Thus, the inventory holding cost per year is h / 2 q 2 r − dL , in which dL denotes the mean of lead time demand.
Taking the capital expenditures related to the reductions of lead time and setup cost into account, we can formulate the expression of total expected annual cost as follows:
Generally speaking, the precise estimation of probability density function on lead time demand requires enough adequate data, which is difficult to realize in application. Therefore, in the development of the proposed model, we do not make any assumptions on the distribution function of lead time demand. Namely, we focused on the case when the specific distribution of lead time demand is unavailable.
Denote the collection of probability density function f X with the mean dL and the standard derivation σ √ L by F. Assuming the manager is conservative and expects that the service level constraint holds for all possible probability distributions, we get 
Solution Procedure
To facilitate further exploration, we introduce the following proposition to eliminate the max operator in the service level constraint of model 3.3 . 
Moreover, there is at least a p.d.f. which makes the equal sign in 4.1 holds.
Proposition 4.1 is similar to Lemma 1 in Gallego and Moon 34 . Therefore, we omit the proof procedure. In light of Proposition 4.1, and substituting the relation r dL kσ √ L into the objective function of model 3.3 , we get an equivalent nonlinear programming model:
4.2
To solve model 4.2 , a Lagrange function is constructed as follows:
in which λ ≥ 0 is a Lagrange multiplier. Then, with the first order optimality condition ∂F q, k, A, L, λ /∂k 0, we get
From 4.4 , we conclude that the Lagrange multiplier should satisfy λ ≥ h. This relationship manifests that the service level constraint is never inactive. Thus, the optimal solution should satisfy the following equation:
Let ∂F q, k, A, L, λ /∂L 0 and yield:
Substituting 4.4 and 4.6 into 4.7 , after some algebraic manipulation, we get 
Then, with the length of lead time from 4.8 , and substituting 4.9 and 4.10 into 4.11 , we get the following quadratic equation with respect to setup cost A:
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Again, with the assumption 1/2 < β < 1, it is obvious that the above equation has a unique positive root. Due to the complex formulation of 4.12 , we do not write the analytical expression of its solution. However, with the given parameters, it is easy to resolve 4.12 and get the value of setup cost. For the convenience of description in the sequel, we denote the unique positive solution of 4.12 by A 1 * .
With the resultant setup cost A 1 * and the length of lead time L 1 * , we can determine the corresponding ordering quantity q 1 * and the Lagrange multiplier λ 1 * ,respectively, by using 4.9 and 4.10 . Namely, q 1 * δdA 1 * /γ and λ 1 * hLσ
h/2. Subsequently, the safety coefficient can be obtained by the following formula:
Then, we need to examine whether the solution q 1 * , k 1 * , A 1 * , L 1 * is a minimum. Although it is difficult to verify that the nonlinear programming model 4.2 is convex, we can demonstrate that the Hessian of Lagrangian is positive definition at point q 1 * , k 1 * , A 1 * , L 1 * , λ 1 * . To this end, the Hessian matrix is written as follows:
4.17
∂ 2 F q 1 * , k 1 * , A 1 * , L 1 * , λ 1 * ∂L 2 abd b 1 q 1 * L b 2 1 * σ hk 1 * λ k 2 1 * 1 − k 1 * 4L 3/2 1 * abd 2b 3 2q 1 * L b 2 1 * ,
4.18
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4.22
It is worth mentioning that the second equal sign in 4.17 is based on 4.9 , the second equal sign in 4.18 is based on 4.4 , 4.6 and 4.8 , and the third equal sign in 4.22 is based on 4.4 .
In light of 4.15 -4.22 , the first and second principal minor determinants of matrix H at point q 1 * , k 1 * , A 1 * , L 1 * , λ 1 * are obviously positive, which are shown as follows:
4.24
And the third principal minor determinant of H at point q 1 * , k 1 * , A 1 * , L 1 * , λ 1 * is computed as follows:
≥ 0.
4.25
In addition, the fourth principal minor determinant of Hessian matrix H at point q 1 * , k 1 * , A 1 * , L 1 * , λ 1 * is computed as follows:
4.26
Therefore, according to the second order sufficient conditions SOSCs 35 ,
Notice that the interval and nonnegative constraints of model 4.2 are ignored while constructing Lagrange function 4.3 . Thus, if the setup cost derived using 4.12 does not make the inequality A 1 * ≤ A 0 hold, we need to take the following special case into account, that is, A 2 * A 0 .
For the case of A 2 * A 0 , it means that, to minimize the total expected annual cost, the manager need not adopt any actions to reduce the setup cost. Thus, similar to the above deduction procedure, we can achieve the length of lead time and the ordering quantity through the following equations:
4.27
Then, the Lagrange multiplier is
4.28
Accordingly, the safety coefficient is
In accordance with Aardal et al. 21 , we confine the present discussion to the service level which yields k > 0. Actually, with a similar computational procedure, it is easy to determine the optimal values of ordering quantity, length of lead time, and setup cost for the case of k 0. To keep compact, we do not provide the details.
According to the above analysis procedure, the solution algorithm for the proposed model is summarized as follows.
Step 1. Determine the values of L 1 * and A 1 * , respectively, by using 4.8 and 4.12 .
Step 2. If A 1 * > A 0 , go to Step 3. Otherwise, determine the values of q 1 * , λ 1 * , and k 1 * , respectively, by using 4.9 , 4.10 , and 4.13 . Let q *
Step 3. Set A 2 * A 0 and determine the values of L 2 * and q 2 * by using 4.27 and 4.28 . Then, determine the values of λ 2 * and k 2 * , respectively, by using 4.28 and 4.29 .
Step 4. End.
Numerical Example
In this section, a numerical example is utilized to demonstrate the feasibility of the proposed solution procedure. Moreover, we will vary the lower bound of service level to perform The function expression of lead-time-dependent cost is R L 1000L −3 with a 1000 and b 3. Moreover, the function expression of capital investment in setup cost reduction is I A 10000 ln 300/A with δ 0.0001. The curves of two capital investment functions are, respectively, depicted in Figures 1 and 2 .
With the aforementioned data and function expressions, and using the proposed method, we can calculate the ordering quantity q * 115.59 units, the safety coefficient k * 0.7293, the length of lead time L * 28.14 days and the setup cost A * 165.13 dollars. Thus, the reorder point r * 62.27 units, the lead-time-dependent cost R * L 15.39 dollars, the capital investment in setup cost reduction I * A 5970.3 dollars, and the total expected annual cost EAC * 3342.4 dollars. Next, we vary the value of β from 0.96 to 0.99 with equal interval 0.1 to perform sensitivity analysis. The computational results are shown in Table 1 .
From the data in Table 1 , several observations and managerial implications are made as follows:
1 When the value of β is varied from 0.96 to 0.99, the ordering quantity and the safety coefficient increase while the reorder point decreases. Moreover, compared with the ordering quantity and the reorder point, the change in the safety coefficient is great. This phenomenon implies that the change in lower bound of service level has a greater impact on the safety coefficient and the reorder point than the ordering quantity.
the lead-time-dependent cost is assumed to be a power function in the length of lead time, and the capital investment in setup cost reduction is assumed to be a logarithmic function in setup cost. The proposed model guarantees that the service level constraint can be satisfied at the worst case and takes ordering quantity, safety coefficient, length of lead time and setup cost as decision variables. In the present research, we also discuss the optimal solution of the proposed model and develop an effective solution procedure. Moreover, the results contained in this research are illustrated and verified by a numerical example.
In the future research, we may take other forms of investment function into consideration. Besides, we will conduct some relevant research to extend the present model from many perspectives, such as imperfect quality, uncertain yield and so on, to develop some novel models and design the corresponding solution algorithms. Another feasible extension of the present research is to develop the inventory model and the associated solution algorithm by considering the interacted effect of capital investment in the reductions of lead time and setup cost. Additionally, in the research regarding continuous review inventory problems, the safety coefficient is usually assumed to be nonnegative. However, for some replenishment problems with short lead time and large ordering batch caused by high setup cost and low inventory holding cost, it may be economic to set a negative safety coefficient. For the negative safety coefficient, a different expression of inventory holding cost should be adopted, such as in Klouja and Antonis 36 . Therefore, it is also meaningful to relax the nonnegative assumption in safety coefficient and perform some extension on the results contained in this research.
